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SUMMARY

The objective of this dissertation is to develop electrical modeling and co-

simulation methodologies for signal and power integrity of package and board 

applications. The dissertation includes 1) the application of the finite element method to 

the optimization for decoupling capacitor selection and placement on a power delivery 

network (PDN), 2) the development of a PDN modeling method effective for 

multidimensional and multilayer geometries, 3) the analysis and modeling of return path 

discontinuities (RPDs), and 4) the implementation of the absorbing boundary condition 

for PDN modeling. 

The optimization technique for selection and placement of decoupling capacitors 

uses a genetic algorithm (GA) and the multilayer finite element method (MFEM), a PDN 

modeling method using FEM. The GA is customized for the decoupling problem to 

enhance the convergence speed of the optimization. The mathematical modifications 

necessary for the incorporation of the capacitor model into MFEM is also presented.  

The main contribution of this dissertation is the development of a new modeling 

method, the multilayer triangular element method (MTEM), for power/ground planes of a 

PDN. MTEM creates a surface mesh on each plane-pair using dual graphs; a non-uniform 

triangular mesh (Delaunay triangulation) and its orthogonal counterpart (Voronoi 

diagram), to which electromagnetic and equivalent circuit concepts are applied. The non-

uniform triangulation is especially efficient for discretizing multidimensional and 

irregular geometries which are common in package and board PDNs. Moreover, MTEM 

generates a sparse, banded, and symmetric system matrix, which enables efficient 



 

xx 

computations. For a given plane-pair, MTEM extracts an equivalent circuit that is 

consistent with the physics-based planar-circuit model of a plane-pair. Thus, the values of 

the lumped elements can be simply calculated from the physical parameters, such as 

material properties and mesh geometries of each unit-cell. Consequently, the modeling of 

MTEM is flexible and easy to modify for further extensions, such as the incorporation of 

external circuits, e.g. decoupling capacitors and vertical interconnects. 

Power and ground planes provide paths for the return current of signal traces. 

Typically, planes have discontinuities such as via holes, plane cutouts, and split planes 

that disturb flow of signal return currents. At the discontinuity, return currents have to 

detour or switch to different layers, causing signal and power integrity problems. 

Therefore, a separate analysis of signal interconnects will neglect the significant coupling 

with a PDN, and the result will  not be reliable. In this dissertation, the co-simulation of 

the signal and power integrity is presented focusing on the modeling of RPDs created by 

split planes, apertures, and vias.  

Plane resonance is one of the main sources of power integrity problems in 

package and board PDNs. A number of techniques have been developed and published in 

literature to reduce or prevent the resonance of a plane-pair. One of the techniques is to 

surround plane-pair edges with absorbing material that effectively damps the outgoing 

parallel-plate wave and minimizes the reflection. To model this behavior, the boundary 

condition of MTEM needs to be changed from its original form, the open-circuit 

boundary condition. In this dissertation, the application of the 1
st
 order absorbing 

boundary condition to MTEM is presented.   
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CHAPTER 1 

 

INTRODUCTION  

1.1 Background and Motivation 

The integration of electronic devices into a single system continues as new concepts of 

electronic packaging are being introduced. System-in-package (SiP) and system-on-

package (SoP) typify the integration of multiple system functions into a single package 

providing all the needed system-level functions [1]. As a number of dissimilar 

components are integrated to a single platform requiring diverse power supply strategies, 

the design of a power delivery network (PDN) becomes more challenging. 

1.1.1 Challenges in Electrical Design of Package Systems 

The main function of an electronic package is the distribution of signal and power to the 

ICs. When multiple ICs draw electrical current from power supply, current flowing 

through a PDN causes voltage drops and fluctuations because of resistances and 

inductances residing in the power rail. To reduce the path impedance, power and ground 

nets are designed as conductor planes.  

 Typical PDNs comprise a stack-up of alternating layers of power and ground 

planes separated by dielectric substrates. This configuration can reduce the package 

inductance, and also isolate different levels of supply voltages. However, planes 

separated by a thin dielectric create a cavity that resonates at resonance frequencies. At 

anti-resonance frequencies, the cavity created by a plane-pair exhibits maximum 

impedance. When multiple drivers simultaneously draw power at the rate of the anti-
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resonance frequency, the large impedance of the PDN results in large fluctuations in the 

supply voltage. This unwanted noise is known as simultaneous switching noise (SSN). 

The large voltage fluctuations impact on the performance of a microprocessor; the 

insufficient supply voltage slows down, and the excessive supply voltage breaks down 

the microprocessor [2]. Therefore, the PDN design emphasizes on ensuring that the 

voltage fluctuations do not exceed the allowed threshold of a system. 

Since diverse components assembled in a package demand various supply voltages, 

power/ground planes are split for DC isolation. Planes also contain apertures and holes 

for embedded components and signal interconnects. These discontinuities in a PDN 

provide a path for the coupling of SSN throughout the system. The coupled SSN 

traverses the cavity created by a plane-pair as a radial wave, and is reflected from the 

plane edges. The reflected wave creates multiple resonances, which result in the 

fluctuation of supply voltage on the power/ground planes [3] [4]. The noise in 

power/ground planes can couple back to signal interconnects through the path created by 

PDN discontinuities and deteriorate the quality of signal. Since excessive voltage 

fluctuations cause both signal and power integrity (SI/PI) problems, the generation of 

SSN needs to be carefully analyzed in the design of a semiconductor system. The SI/PI 

problems in a package system are conceptually described in Figure 1.1. 



 

3 

 

Figure 1.1. SSN generation and influences in a package. (Reproduced from [5].) 

To reduce the fluctuation of the supply voltage, the path impedance where the SSN 

current flows needs to be minimized. Hence, the purpose of the PDN design is to ensure 

that the impedance seen at the IC terminals meet the target impedance across the 

operating frequency range. To mitigate excessive fluctuations of the supply voltage, 

decoupling capacitors can be placed between the power and ground pads of nearby I/O 

circuits. However, since the decoupling capacitors become inductive at high frequencies, 

placing a number of capacitors without a well-organized strategy will fail to reduce the 

PDN impedance. Moreover, manually selecting an appropriate amount and right values 

of capacitors and placing them on optimal locations are complicated and time consuming 

processes. This tedious task becomes even more challenging as the level of the target 
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impedance of semiconductor systems is continuously falling, led by the decrease of 

supply voltage and increase of system current. 

1.1.2 Challenges in Electrical Modeling of Package Systems 

The impedance profile of a PDN can be obtained by simulations that capture the 

electromagnetic behaviors of the PDN. PDNs can be simply modeled as a single-node 

system assuming the voltage variations occur simultaneously across the planes [6]. 

However, the simple model fails to take into account the distributed behavior of the 

planes at high frequencies. PDN modeling also needs to accurately capture complex 

geometries, such as a stack-up of multiple planes, gaps and holes in planes, and 

decoupling capacitors. 

 The computational efficiency of a PDN modeling and simulation is a critical factor 

that determines the efficiency of a design process. Figure 1.2 shows a flow chart of the 

typical design process for packages and PCBs. The process involves SI/PI simulations 

and analysis to ensure if the design at each step complies with the design rules and 

specifications. The original design is modified based on the simulation and analysis 

results, and this process persists until the simulation results satisfy the requirements. 

Hence, a time-consuming simulation can be a bottleneck that slows down the entire 

design process, and inevitably results in a long time-to-market cycle. 
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Figure 1.2. A part of the typical design process of electronic packages. (Modified from [7] 

and [8].) 

1.2 Contribution s 

The major contributions of the dissertation are following: 

1) Extension of the multilayer finite element method (MFEM) for the optimization 

of decoupling capacitor selection and placement using a customized genetic 

algorithm. 
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2) Development of a new PDN modeling method, the multilayer triangular element 

method (MTEM), especially effective for irregular and multidimensional 

structures, based on the physics-based equivalent circuit. 

3) Modeling of the return path discontinuities created by apertures for a signal and 

power integrity co-simulation. 

4) Application of the absorbing boundary condition to MTEM. 

1.3 Organization of the Dissertation 

The rest of this dissertation is organized as follows: In CHAPTER 2, the problems that 

will be addressed in this dissertation are defined, and the prior arts in literature are 

reviewed. In CHAPTER 3, the automation technique of finding optimal solutions of 

decoupling capacitor values and locations using the multilayer finite element method 

(MFEM) is presented. The development of a novel modeling method for a power/ground 

plane structure, the multilayer triangular element method (MTEM) is introduced in 

CHAPTER 4. In CHAPTER 5, port modeling is presented, and the modeling of return-

path discontinuities for the co-simulation of signal and power integrity is provided in 

CHAPTER 6. In CHAPTER 7, the absorbing boundary condition is presented focusing 

on its implementation in MTEM. Finally, summary and conclusions of this dissertation is 

presented in CHAPTER 8.  
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CHAPTER 2 

 

ORIGIN AND HISTORY O F THE PROBLEM  

2.1 PDN Modeling Methods  

Typical power delivery networks (PDNs) are composed of metal planes stacked on top of 

each other separated by low-loss insulators. Since each layer formed by metal planes with 

the low-loss dielectric can act as a cavity, the PDNs are highly resonant structures. To 

completely characterize such structures through time-domain analysis, a tremendous 

amount of time is required for a simulation. Hence, the frequency-domain analysis of 

package PDNs is more beneficial.  

 Electromagnetic field solvers that can emulate frequency responses of package 

PDNs can be classified as two folds: integral equation and differential equation solvers. 

Integral equation solvers include the method of moments (MoM) and the partial element 

equivalent circuit (PEEC) method. Since integral equation solvers require a discretization 

of only the sources of electromagnetic field, the size of the resultant linear system is 

small. However, the system matrix generated by integral equation solvers is dense, and 

the density increases according to the square of the problem size, resulting in high 

computational costs. On the other hand, differential equation solvers, such as the finite 

element method (FEM) and the finite difference method (FDM), generate a banded and 

sparse system, because elements are only locally connected. However, differential 

equation solvers that create volumetric meshes create sparse but impractically large 

systems for large-sized problems.  
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A package PDN consisting of planes separated by a dielectric is a planar structure. 

Since the thickness of a dielectric is electrically small, the field variation along the 

vertical direction of a power/ground plane-pair can be neglected. Therefore, a pair of 

power/ground planes can be modeled as a planar circuit [9], and several methods based 

on the planar circuit concept have been developed. 

2.1.1 The Cavity Resonator Model Using Segmentation Method 

The cavity resonator model provides an analytic solution in the form of an impedance 

matrix. If a rectangular plane-pair with metal planes of dimensions ὥ ὦ, dielectric 

thickness d, permittivity and permeability of Ů and ɛ, respectively, and ports located at 

ὼȟώ  and ὼȟώ  can be calculated as 

 ὤ ‫ ὮὨ‘‫
‐‐

Ὧ Ὧ ὥὦ
Ὢὼȟώȟὼȟώ ȟ (1) 

where 
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ὦ
ίὭὲὧ

ά“ὸ

ςὦ
ȟ 

(2) 

txi, txj, tyi, and tyj are the size of the port, k is the complex wavenumber, and Ὧ

 [10] [11]. 

 Possible geometries that the cavity resonator model can handle are limited to 

simple structures, such as a square, a rectangle, or an equilateral triangle. To overcome 

this limit, the structure is segmented into sections that can be separately simulated by the 
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cavity model, and each segment is interconnected at corresponding virtual ports densely 

created (distance less than ɚ/10) at the segment boundaries [12] [13] [14]. However, if  a 

given geometry is extremely irregular, the method creates too many virtual ports, 

consequently, the model becomes too complicated. Moreover, the double summation in 

Equation (1) up to a large number of modes can slow down the computation. Although 

acceleration techniques presented in [13] and [15] can improve the computational 

efficiency, the approximations associated with the techniques reduce modeling accuracy.  

2.1.2 Modeling Methods Based on Discretization 

Since the electromagnetic behavior of a plane-pair can be assumed to be two-dimensional 

(2D), the radial wave propagating in a plane-pair can be expressed with a 2D Helmholtz 

equation: 

 ​ Ὧ ό ὮὨὐȟ (3)‘‫ 

where ​  represents the transverse Laplace operator parallel to the planar structures, Ὧ 

the wavenumber, ό the voltage, the angular frequency, ‘ the permeability of the ‫ 

dielectric, Ὠ the distance between the planes, and ὐ the current density at the excitation 

port [16]. Plane boundaries are assumed to be a magnetic wall, or an open circuit, which 

can be described by the Neumann boundary condition. 

 The governing equation, Equation (3), can be solved by applying the finite 

difference (FDM) or the finite element methods (FEM), which will be presented in the 

following sections.   
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2.1.2.1 Transmission Matrix Method (TMM) 

The transmission matrix method (TMM) [17] is a 2D modeling method that solves the 

equivalent circuit of a plane-pair analyzed as a planar circuit. A plane-pair is segmented 

into square unit-cells, which are converted to the transmission matrices. By solving the 

cascaded transmission matrices, TMM can solve the equivalent circuit with less 

computational effort than that required for a general SPICE solver. However, TMM is not 

applicable for multiple plane-pairs with a gap or an aperture, since the cascading property 

prevents the inclusion of coupling elements between neighboring cells [18]. 

2.1.2.2 The Finite Difference Method (FDM) 

By applying the central difference method, the transverse Laplace operator in Equation (3) 

is approximated as  

 ᶯόȟ
όȟ ό ȟ όȟ ό ȟ τόȟ

Ὤ
ȟ (4) 

where Ὤ is the central distance between the neighboring cells, and όȟ is the voltage at 

node ὭȟὮ. Substituting Equation (4) into Equation (3) leads to  

 
όȟ ό ȟ όȟ ό ȟ τόȟ

Ὦ‫ὒ
Ὦ‫ὅόȟ Ὅȟ (5) 

where ὅ , ὒ ‘Ὠ, and Ὅ is the current source injected into the cell. Since Equation 

(5) can be represented by the equivalent circuit as shown in Figure 2.1, a standard circuit 

solver based on the modified nodal analysis approach can be used for the computation. 

However, a direct solution of a matrix form,ὣὟ ὍӶ, using linear equations is 

computationally more beneficial, because the resultant system matrix, ὣ, is sparse and 
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banded. If a nested dissection method is used, FDM can solve a system with ὔ unknowns 

in ὕὔȢ  time and ὕὔὰέὫЍὔ  memory [19]. 

 

Figure 2.1. Cell-centered discretization of the Laplace operator and the equivalent circuit of 

FDM. 

 Including the computational efficiency, FDM has advantages of the ease of 

implementation, the capability of an equivalent circuit representation, and the application 

of wide range of shapes. However, this method discretizes surfaces with a square or a 

rectangular grid, which tend to create too many unit cells for a multidimensional structure 

that is common in the package PDN. Furthermore, if a structure is geometrically irregular, 

it is difficult to effectively discretize the structure with a square/rectangular mesh. 
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2.1.2.3 The Finite Element Method (FEM) 

FEM is another approach that applies Equation (3) to each of the discretized segments 

and solve for the potential, u. For 2D problems, these segments are usually in the form of 

triangles or rectangles. In [20], FEM applied to a power/ground plane structure is 

presented using a non-uniform triangular mesh. The weak form of Equation (3) is 

expressed as 

 ​‰ Ͻ​‰ ‰‰‐‘‫ Ὦ‰Ὠὐ‘‫ ὨὼὨώπȟ
Џ

 (6) 

with linear pyramid basis functions, where ɋ is the problem domain, and הp and הq are 

the basis and test functions, respectively. After some derivations, the solution of 

Equation (6) can be obtained by solving linear equations, 

 ὑ ὓ Ὗ Ὂȟ (7) 

where the entries of + and - are 

 Ὧȟ
Ὦ

Ὠ‘‫

ὦὦ ὧὧ

τЎ
ȟ (8) 

 ά ȟ

Ў

φ

Ὦ‐‫

Ὠ
ȟὴ ή

Ў

ρς

Ὦ‐‫

Ὠ
ȟὴ ήȢ

 (9) 

From the mathematical properties of Equations (8) and (9), Equation (6) can be 

represented by an equivalent circuit using lumped elements as shown in Figure 2.2. 
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Figure 2.2. Equivalent circuit representation of a plane-pair using FEM (lower plane is not 

shown). 

FEM can utilize a non-uniform triangular mesh scheme, which can effectively 

discretize multidimensional and extremely irregular geometries. In addition, FEM 

generates a sparse system, which promises an efficient computation. On the other hand, 

one of the disadvantages of FEM lies in the difficulty of implementation. Another 

disadvantage arises from the equivalent circuit representation for a power/ground plane-

pair. The values of the lumped elements, Equations (8) and (9), are derived from not only 

physical properties of a simplex, but also mathematical formulations of FEM. Thus, the 

further extension of the model, such as the inclusion of external circuit models, is 

complicated and not physically intuitive. 

2.1.3 Overview of Computational Electromagnetic Modeling Methods 

Various electromagnetic modeling methods are available as commercial software as well 

as described in the literature. Each modeling method has its own strengths and 

weaknesses over another.  
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Table 1 summarizes and compares mesh and computational efficiency of various 

computational electromagnetic modeling methods. The selected methods include 

differential-equations, analytical solutions, and planar circuit methods. The comparison 

of the computational efficiency is based on the size and density of the system matrix.  
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Table 1. Comparison of computational electromagnetic modeling methods. 

Category Method Discretization Mesh Efficiency 
Computational 

Efficiency 

3D Full-

Wave 

FDM 

Tetrahedron or 

Hexahedron 

Inefficient for 

planar structures 

Not good 

(sparse but large 

system) FEM 

MoM 

Not good 

(small but dense 

system) 

Planar 

Circuit 

Model  

 

(Analytical 

Solution) 

Cavity 

Resonator 
- - 

Good for solid 

rectangle/triangle 

Segmentation 

Method 
Virtual Ports 

Not good for 

irregular 

geometries 

(creating too many 

virtual ports) 

Not good for irregular 

or multi-dimensional 

structures 

Planar 

Circuit 

Model 

 

(Numerical 

Solution) 

TMM Rectangle 

Inefficient for 

irregular 

geometries 

Good 

MFDM Rectangle 

Not good for multi-

dimensional 

structures 

Good 

MFEM Triangle Good Good 
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2.2 Extension to Multiple Plane-Pairs 

The differential equation methods, FDM and FEM, are expressed as an equivalent circuit 

using only passive lumped elements and independent current sources. To extend a single 

plain-pair to multiple plane-pairs, the equivalent circuit of each plane-pair can be stacked 

on top of each other. However, the simple interconnection of equivalent circuits will fail 

to take into account different references of each plane-pair, and the resultant model will 

be completely incorrect. Therefore, the reference of each plane-pair must be shifted to a 

global reference of multiple plane-pairs, and the shift of a reference can be realized using 

indefinite admittance matrices [21].  

The multilayer finite difference method (MFDM) [22] and the multilayer finite 

element method (MFEM) [20] utilize the technique of the indefinite admittance matrix to 

extend a single plane-pair to multiple plane-pairs. This approach, shifting reference nodes, 

can be applied to any modeling scheme that can be expressed as an equivalent circuit 

composed of only passive elements and independent sources.  

Consider the unit cell model shown in Figure 2.3 (a), which can be decomposed 

into two plane-pairs as shown in Figure 2.3 (b). The inductance and capacitance models 

are shown in Figure 2.3 (b) and (c).  L12 and L34 are per unit cell inductances for each 

plane-pair that can be obtained from Equation (34). Assuming the plane 3 is the system 

reference, the indefinite admittance matrices for the top and bottom plane-pairs can be 

derived as follows: 

 Ὅ
Ὅ
Ὅ
Ὅ

ὣ ὣ ὣ ὣ
ὣ ὣ ὣ ὣ
ὣ ὣ ὣ ὣ
ὣ ὣ ὣ ὣ

ὠ
ὠ
ὠ
ὠ

ȟ 
(10) 
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 Ὅ
Ὅ

ὣ ὣ
ὣ ὣ

ὠ
ὠ
ȟ 

(11) 

where ὣ  and ὣ Ȣ Similarly, an admittance matrix for capacitance 

between planes is obtained as follows: 

 Ὅ
Ὅ
Ὅ
Ὅ

ὣ π ὣ π
π ὣ π ὣ
ὣ π ὣ ὣ π
π ὣ π ὣ ὣ

ὠ
ὠ
ὠ
ὠ

ȟ (12) 

where ὣ Ὦ‫ὅ and ὣ Ὦ‫ὅȢ  Loss terms are omitted in both models for 

simplification. Finally, superimposing all the indefinite admittance matrices, Equations 

(10), (11), and (12), completes the total admittance matrix for the given three-layered 

structure: 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ
ὣ ὣ ὣ ὣ ὣ ὣ

ὣ ὣ ὣ ὣ ὣ ὣ

ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ

ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣỨ
ủ
ủ
ủ
ủ
ủ
Ủ

Ȣ (13) 
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Figure 2.3. (a) Cross-section of a three-layer structure. The equivalent (b) inductance and (c) 

capacitance model. 

2.3 Incorporat ion of Signal Interconnects into the PDN 

In a package and printed circuit board (PCB), the signal interconnects, such as copper 

traces and vias, link drivers and receiver circuits placed on the PDN. Metal planes in the 

PDN provide the paths for the return current of the signal interconnects. Power and 

ground planes typically contain many discontinuities such as plane cut-outs, split planes, 

and via anti-pads as shown in Figure 2.4 (a). On those metal planes with discontinuities, 

signal traces are placed as shown in Figure 2.4 (b). If  a current-return path of a signal 

transmission line is discontinuous, the field distribution changes at the discontinuity and 

mode conversion occurs, which results in the distortion of the signal. Moreover, the mode 
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conversion can excite the cavity created by the power and ground planes and leads to a 

plane resonance, causing fluctuation of supply voltage. A discontinuity of this type along 

a signal interconnect is called as return path discontinuity (RPD). 

 

Figure 2.4. Layout of (a) power and ground planes and (b) signal interconnects. (Courtesy 

of class notes for Purdue University ECE477, Spring 2009.) 

The electrical behavior at the RPDs can be explained using an example, a 

microstrip line placed above a slotted power plane as shown in Figure 2.5 (a). At the 

discontinuity, return current switches layer from power to ground plane and vice versa to 

complete the closed current loop. Current jumps from one layer to another as 

displacement current that is caused by the stray capacitance between the layers. Hence, 

the propagation mode of the microstrip line at the discontinuity changes from its original 

form to another, leading to the change of characteristic impedance and effective dielectric 

constant. In addition, the displacement current excites the plane-pair created by power 
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and ground planes, and may result in a plane resonance that causes the fluctuation of 

supply power. The plane resonance can also deteriorate the signal transmission, since the 

high impedance of the PDN at anti-resonant frequencies impedes the flow of return 

current. A similar effect is observed at the RPD created by a via anti-pad (clearance hole) 

as shown in Figure 2.5 (b). Therefore, in a package or PCB system, the electrical 

behaviors of the PDN and the signal interconnects are closely coupled, and their 

interactions must be included in simulations.  

 

Figure 2.5. Current loops created at the return path discontinuities created by (a) slot and 

(b) via transition. 

One of the methods to co-simulate the PDN and the signal interconnects is to 

model each domain separately and re-integrate using a modal decomposition technique, 

which was exploited in many articles or publications [4] [5] [23] [24] [25]. The PDN can 

be modeled using any analysis method that can provide the impedance profile of a given 

PDN, and the signal interconnects can be characterized by transmission line parameters, 

such as characteristic impedance, effective dielectric constant, and the electrical length. 




































































































































































































































































